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Introduction
The noise generated by the interaction of vehicle tyres with a road surface is a significant contributor to a growing local environmental problem [2] . For modern passenger cars in good condition travelling at steady speed, the tyre / road interaction noise is the dominant noise source above 40 km/hr [3] (this also applies for certain trucks meeting EU vehicle regulations and more generally at a slightly higher speed). During acceleration this source is a significant contributor to the overall noise generated and above approximately 50 km/hr is the dominant noise source.
In order to determine the noise produced by a patterned tyre rolling on a rough road surface, the vibration characteristics of the tyre must be known. A tyre is composed of sidewalls, connected by a tyre belt which is covered with a thick layer of tread rubber. Although the vibration of the sidewalls also generate sound, this paper will present results for the sound of the tyre belt only. The tyre belt is a complicated multilayer structure, made with different materials of differing thicknesses. Furthermore the tread pattern may be a complicated arrangement of blocks in the circumferential and axial directions.
There are many ways of obtaining the response of a tyre when excited either radially or tangentially. Finite element methods are best suited to lower frequency ranges or for use at single frequencies, due to the computational demands [4] , however they allow anisotropic material properties. For tyre noise, interest is in the response in the 0.3 -2 kHz frequency range and then the common approach is to make simplifications and assumptions to restrict the complexity of the model to shell and bending plate models [5] [6] [7] . However, there is then the issue of determining the parameters in the simplified models used to describe the belt vibration. These are usually found empirically through comparison with experimental data. Not surprisingly, these produce good agreement for comparisons between the experimental tyre and the model but this does not provide a predictive capability for different tyres. Investigations into new belt materials and / or different material thicknesses would potentially require a new experimental tyre belt to be constructed and tested each time, at potential cost to the tyre manufacturer. This does not therefore provide a way of minimising the radiated sound through a theoretical optimisation. However, the advantages of this method are that the experiments can be performed on the actual tyre and model parameters obtained without needing to know exact details of the construction of the tyre. Indeed, due to manufacturing tolerances and changes to the dimensions of each layer during manufacture, the actual tyre is tested, without needing to take into account irregularities in each layer. The main disadvantages to this method (other than cost) are that the number of tyres which can be tested are limited by the number which can feasibly be produced. This method also does not allow any detailed physical insight into the stress and displacement in each layer. This paper presents a method which uses the results presented in O'Boy and Dowling [1] of a viscoelastic tyre belt model to obtain the parameters for a simplified bending plate model using only data on material properties that would be available in the design process before a tyre is manufactured. The response of a bending plate is determined and compared to this existing comprehensive numerical model of a tyre belt which provides the displacement and velocity response of a multilayer cylindrical viscoelastic tyre belt when excited either radially or tangentially by a force. In section 3 the parameters for the equivalent bending plate are then optimised to minimise the error between the response of the bending plate and the multilayer viscoelastic model.
A bending plate with these parameters is then used in an existing model of a finite width tyre (see Blakemore [16] or Graf [17] ), which takes into account the effect of the sidewalls and air pressure and the response of this tyre is determined. In section 4 as a validation exercise, the response of the tyre to point harmonic excitation is determined. These results are compared to experimental measurements taken on a real tyre corresponding to the design data used to define the viscoelastic model.
A description is provided in section 5 of a method which can be used to obtain the acceleration of a tyre surface when rolling at speed across a rough road surface. In section 6 these accelerations are used to obtain predictions of the sound pressure around the tyre, taking into account the amplification from the horn effect, which is compared with the measured sound field. This sound can be defined as the structure-borne noise generated by the vibration of the tyre surface.
Description of the multilayer cylindrical tyre belt model
In order to be able to predict the sound from a rolling tyre on a rough road surface, the vibration characteristics of the tyre belt, located between the tyre sidewalls and excluding the tread layer must be known. Specifically, the response of the surface is required when excited radially. Since the aim of this paper is to show a method to predict the rolling tyre / road interaction noise without requiring access to experimental measurements, only design data used at the tyre manufacturing stage is used.
The tyre belt response is provided using the multilayer cylindrical viscoelastic model from O'Boy and Dowling [1] , which takes into account the material properties and the thickness of each layer. An air cavity is included between a fixed wheel hub and the layers of material of the tyre belt, as shown in Fig. 
1.
In O'Boy and Dowling [1] , a relationship between the three components of displacement u r , u θ , u y and traction σ rr , σ rθ , σ ry on the outer surface of the tyre belt and those on the inner surface of the tyre belt were determined, using the product of material matrices for each layer of the belt (which contain the information on the material properties, thickness and radius);
The notation is similar to [1] , whereũ andσ denote the Fourier transform of the displacement and stress variables. The radius of the belt is given by r, the time represented by t and the spatial coordinates, θ and y the angle around the circumference and axial distance respectively. In the Fourier domain these become frequency ω, angular order n and axial wavenumber k y .
Through application of six boundary conditions, including a representation of an air cavity on the inner surface of the belt and a force applied to the outer surface, the Fourier transform of displacement or velocity of the outer surface of the tyre belt may be determined as a function of frequency, angular order and axial wavenumber. The most useful vibration data for use in a noise prediction programme for a vehicle moving at steady speed is the radial displacement of the belt when a radial force is applied. This is described by the transfer functionũ r /σ rr (r, ω, n, k y ). Also of use is the point mobility, which refers to the radial velocity resulting from a radial force input, v r /σ rr (r, ω, n, k y ), whereṽ r = iωũ r . The formula for the inverse Fourier transform, Eq. (3) may be applied to these responses to obtain the displacements and velocities due to a specified force as functions of the spatial coordinates.
The results of the multi-layer model will be compared to those of a tensioned bending plate and with the same applied force an error minimisation routine is used to adjust the plate parameters until the optimum plate description is found, one which minimises the difference between the tyre belt and the plate response.
Flat bending plate approximation of a tyre belt
A bending plate with normal displacement w (in the z direction), applied load per unit area p, mass per unit area M, in-plane tension T , and thickness h has an equation of motion which may be written [8] ,
where x, y define the plane of the plate, the term ∇ is the vector operator (∂/∂x 1 , ∂/∂x 2 ) and the bending stiffness
, where E and ν are Young's modulus and Poisson's ratio respectively.
In the frequency domain, plate damping is including by allowing the bending stiffness and / or the tension to become complex [9] . An additional damping term is included which is proportional to the Laplacian of the plate velocity, as introduced by Crighton [10] , where the constant of proportionality is written as η p √ DM and η p is a small positive constant.
In the derivation of the equation for a bending plate it is assumed that the deformation in the plate is small in comparison to the thickness. During pure bending, the forces required to bend the plate are significantly less than the internal extension and compression forces. Prior to the application of the bending moment the plate has a neutral axis located at half the thickness and lines may be drawn through the material linking the top and bottom surfaces at normal angles. Once the moment is applied these lines are still at right angles to the top surface (in compression), the neutral surface and bottom surface (in extension) as shear deformations are assumed negligible.
This derivation assumes that any rotary inertia is negligible in relation to the magnitude of the translational motion. The effects of both shear deformation and rotary inertia were included by Mindlin [11] using a Timoshenko shear coefficient κ [12] and the Lamé constant μ, which yield a far more accurate response. The accuracy of the equations prior to the inclusion of these terms is studied by Cremer, Heckl and Ungar [13] who calculated that the correction terms would make less than a ten percent difference if the flexural wavelength was greater than six times the thickness of the plate. The range of validity is therefore λ > 6h, which expressed as a wavenumber is k < 2π/6h. The tyre belt, excluding the outer tread has a thickness of 10.54 mm and therefore has a maximum wavenumber of around 100 rad/m. If the layer of tread rubber is included, it is clear that the inclusion of the rotary inertia and shear deformation terms are necessary, which modifies Eq. (4) [8] ,
To represent a tyre, it is also assumed that Eq. (4) is modified so that the plate is resting on equivalent distributed springs of stiffness k s (as described in
Graff [8] ) and dampers as used in the viscoelastic model [1] (these distributed springs are a simplified representation of the sidewalls), with an equivalent impedance on its upper surface as that due to the air cavity force in the cylindrical viscoelastic model shown in Fig. 2 . The forward Fourier transform is performed over time t and axial direction y on Eq. (4) and the plate is taken to be periodic in the x direction, with a length equivalent to the circumference of the tyre, transforming x to n/R, where R is the radius of the tyre. The transformed deformation is then given bỹ
, where the terms associated with the simple bending plate Ψ and those correction terms associated with the shear deformation and rotary inertia are given by,
These equations relate to a single plate undergoing pure bending. For one isotropic layer of material, the neutral surface is at a distance of half the thickness and the bending stiffness is given from Eq. (4). Since the tyre belt is made of multiple layers of material, it is necessary to determine a way to obtain the equivalent bending stiffness for a multilayer plate. An analytical method is available for three layers of material [14] although this makes assumptions to the relative stiffness of the different layers, therefore a numerical method has been developed which is applicable for any number of layers and material properties.
Numerical determination of plate parameters for a tyre belt
A numerical method is described in this section which determines the parameters for the equivalent plate model which best matches the response to forcing of the viscoelastic cylindrical structure, with specified number of layers of different materials. These equivalent plate parameters are obtained by comparing the response of a bending plate with the results obtained from the viscoelastic model [1] and iteratively adjusting the plate parameters until any differences between the two responses are minimised. In this manner it is then possible to determine the parameters for a plate which yields the equivalent response as the tyre belt.
Since the displacement response of the bending plate to forcing is W = w(ω, k, n)/p and the response of the viscoelastic tyre belt model is given by U =ũ r (r, ω, k, n)/σ rr , then an appropriate error function E(ω, k, n) is U − W , a function of the frequency, axial wavenumber and equivalent angular wavenumber and bending plate parameters. The problem is then one of finding the plate parameters which minimise this error, over a wide frequency and wavenumber range. The method used is the Downhill Simplex method introduced by Nelder and Mead [15] , which requires an initial guess for the parameters and then steps towards a local minima as shown in Fig. 3 . To determine the global minima curve, the initial starting point must be inside the global minima curve (i.e. between points P 1 and P 2 which locates the minimum B). Many minimisation methods could have been chosen, however, the Nelder and Mead routine does not require any derivative information and is relatively quick and numerically stable. The error between the viscoelastic belt and the plate must be minimised over a range of frequencies, angular orders and axial wavenumbers. In order to achieve this, consider the example in To accomplish this, the measure of the error between the two responses is defined in two parts with the weighting between the two given by α (this weighting is determined empirically to ensure the minimisation method is stable and follows the global minima).
The former component minimises the error at low values of angular order while the latter matches the amplitude of the peak. The summation is completed over angular order and axial wavenumber to provide a set of parameters which yield the best equivalent bending plate to the viscoelastic tyre belt, for a specific frequency. The optimisation routine fixes the mass per unit area of the tyre, the dimensions (width and radius), air pressure and spring stiffness, then adjusts the bending stiffness, damping rates and tensions iteratively.
Bending plate parameters for a tyre belt
The multivariable optimisation method is now used to determine the plate parameters which give the equivalent response as the viscoelastic tyre belt model [1] . These parameters are determined for the case of a tyre belt and also a tyre covered with a thick layer of smooth tread rubber on the outside surface. properties of each layer become more important, leading to further differences.
The optimisation process provides equal weighting to every parameter, which is also a factor in the variations with frequency. A further improvement may require that individual parameters are assumed to be more important than others, alternatively, different optimisation routines could be tested.
The variation in the parameters with frequency is also partly due to the vari- the Crighton damping dominates at low frequencies and the complex at higher frequencies. Since the outer layer is now a relatively soft rubber layer, there is a much stronger vibration mode associated with the compression of the rubber, which will influence the overall equivalent parameters. As with the previous case, the variations in the parameters with frequency are also due to comparing a plane geometry with a cylindrical geometry and variations in the shear coefficient at low and high frequencies. In addition, the high damping present in the tread rubber leads to a lower amplitude vibration for higher angular orders and axial modes.
The average plate parameters are used to deduce the equivalent plate response for a tyre belt with a thick layer of tread rubber. This is compared to the response of the viscoelastic tyre belt model which also includes the tread in 
Finite bending plate model of the tyre
The tyre belt models described in previous sections have all assumed periodicity in the axial direction (the sidewalls being infinitely stiff line springs at the nodal points), so that the axial wavenumber is k y = mπ/w, where m is the mode number and w the width of the tyre. A finite bending plate model is available which provides a more accurate representation of the sidewalls, from
Blakemore [16] , and determines the Green's function of a finite width tyre (this Green's function, denoted G βα (t) is the displacement of the tyre surface in the radial direction, at a tread block β, when a radial stress is applied as an impulse function at tread block location α).
The tyre is modelled as a flat orthotropic plate undergoing bending which is periodic in the x direction (representing the circumferential direction). Sidewalls are included using line springs located at either axial edge, which cannot support moments from the belt. The internal tyre pressure is represented as a distributed force proportional to the displacement of the surface and tensions in the belt in both the circumferential T x and axial T y directions are included.
The model of the finite width tyre utilises parameters provided in the previous sections, for example the bending stiffness, damping, mass and belt tensions.
The width of the tyre is assumed to be w=0.18 m, although it is recognised that the sidewalls are curved rather than vertically straight.
The bending stiffness for the case of a tyre with and without a thick layer of tread rubber has been determined and it is noted that the two figures are different. The individual tread blocks on a patterned tyre are formed by cutting grooves in this outer rubber layer, yielding an overall bending stiffness somewhere between the two extremes. To determine the bending stiffness of a patterned tyre belt (with 280 tread blocks arranged in five rows), we calculate the proportion of the tyre surface area covered by the tread blocks. This is used as a weighting function between the bending stiffness for a tyre belt with and without a thick layer of tread rubber. This simplification yields a bending stiffness for the patterned tyre of 12 Nm.
It has been assumed until now that each layer in the tyre is isotropic in the circumferential and axial directions. However, the breaker layers contain steel cords laid at an angle of ±21 o to the circumferential direction, which make the overall tyre belt orthotropic, with a different value of bending stiffness in the circumferential and axial directions. This change is estimated to yield a bending stiffness in the axial direction of 8 Nm. The stiffness of the springs representing the sidewalls are estimated from calculations provided in Graf [17] (where the stiffness is estimated proportional to the internal air pressure) and can be seen that differences between the predictions and measurements are greatest further away from the forcing location and for frequencies over 800 Hz.
However, the high damping present in the materials means that the overall amplitude of displacement will be lower for measurement positions away from the contact patch, especially at the higher forcing frequencies, when the forcing position remains constant.
The predicted point mobility response of the tyre, defined as the radial velocity response of the tyre surface, to an applied radial forcing is shown in Fig.   12 for θ=0 o against frequency and axial position across the tyre width. The excitation force is applied at different tread block rows in the axial direction and the amplitude of the surface velocity shown as contours, where a light colour indicates a high response. The case where the tyre is forced in the centre row is indicated in Fig. 12(a) , which shows that the majority of the energy is located below a frequency of 2 kHz and a significant proportion below 1 kHz.
The case where the tyre is forced in the middle row of tread blocks, Fig. 12(b) shows that the high damping present in the materials attenuates vibrations on the far side of the tyre, except for frequencies less than 500 Hz.
The case where the outer row is forced displays high velocities at the edge of the tyre, where the resistive force from the sidewalls dominates the resistance from the bending stiffness of the tyre. It is also the case that when forcing closer to the edge of the tyre, that only half of the material area is available to dissipate energy with, compared to the case of forcing in the centre tread.
Bolton [19] has also produced similar decompositions from experiments on as shown in Fig. 14. As the tyre rotates, the tread blocks which are located at the leading edge will impact the surface and become compressed as they enter the contact patch, expanding as they leave it. The displacement of the tread blocks and the surface of the tyre belt as functions of time, as they move over a rough road surface can be obtained using the method developed by Graham [20] and Kropp [7] [21], where the displacement of the tyre belt at a block β at time t to an applied force at block α at time t is a function of a convolution.
Then a summation over N tread blocks may be employed to yield the overall displacement.
Each tread block in the contact patch is compressed, with the tread block rubber having a stiffness k blk , an uncompressed height of H blk , with zero mass.
The force is therefore given by f α = k blk (H blk + u 
Completing the discrete sum from j=−∞ to J and rearranging gives the discrete equation used to determine the displacement of the tyre surface as it rolls over a rough surface, where
The simulation commences with the tyre out of contact with the road surface, f α (0) = 0 and the displacement of the tread blocks can then be found using Eq. (17). The simulation time is then incremented by Δt, the wheel is lowered slightly, the wheel and road are rotated and translated respectively according to the prescribed vehicle speed and the new forces on the tread blocks are determined using the new road heights and tread block compressions.
As this iterative process repeats, the wheel is slowly lowered onto the road surface, increasing the force on the wheel hub until the required mean load is reached. This iterative process steps forward in time and gives the displacement of the tyre surface for each row of tread blocks as it rolls over the road surface.
Three incompressible road surfaces are considered for investigation into the tyre surface vibration as it rolls at speed; a fully smooth road surface, an ISO-10844 specification (International Organisation for Standardisation) and one comprised of hot rolled asphalt (HRA). The ISO-10844 (also known by the British Standard, BS-10844) specifies a relatively smooth standard road surface texture used to produce consistent levels of road noise and is not considered representative of road surfaces used in the United Kingdom. By contrast, the hot rolled asphalt surface is used for a high percentage of the UK road network and is defined in BS-594 with a minimum required texture height of 1.5 mm.
One dimensional height profiles of these surfaces were measured by S. Kollamthodi of TRL Limited with a laser profilometer taking longitudinal measurements every 0.2 mm with a vertical resolution of 0.01 mm [20] . These one dimensional road profiles were subsequently converted into a representative two dimensional height by Graham [20] (see also Graf [17] ).
Vibration resulting from a patterned tyre rolling on a smooth road surface
The surface vibration of a rolling tyre is now predicted for the case of a patterned tyre with two hundred and eighty regularly spaced tread blocks across five rows, rolling on a smooth road surface at a forward speed of 80 km/hr, using 1500 numerical steps per revolution of the tyre (the time for one revolution, T rev = 90 ms). The number of computational steps was iteratively chosen to be the minimum required to capture the high frequency vibration. Experimental measurements were also performed on a tyre equivalent to that used to define the computational model. This tyre was fixed to a rotating drum and equipped with an accelerometer embedded in the tread, to measure the acceleration of the tyre surface as the tread blocks entered and left the contact patch. The force on a tread block was also measured, for the centre row of tread blocks. Ideally, the tyre is designed to spread an even load over all of the tread blocks in the contact patch during coasting conditions. Although the shape of the actual contact patch would be more of a ellipse, with a greater load concentrated at the centre, the same experimental data has been used to compare the predicted load on the middle and outer rows of tread blocks.
A static load of 420 kg was applied to the experimental tyre at the axle. The force transducer is designed to capture the force profile distributed over a whole tread block, rather than the smaller scale and more difficult to measure frictional loading across the tread block.
The method used to obtain the predicted rolling response of the tyre requires 
Far field sound prediction
The far field sound pressure is predicted in two stages, the first being to find the pressure distribution due to a number of sound sources on the tyre surface in free air, without any solid tyre geometry, as shown in Fig. 18(a) . This is combined with a transfer function which provides the amplification between the sound field with no tyre and with the tyre geometry shown in Fig. 18(b) (termed the horn amplification), where the circumferential position around the tyre is defined by x belt = Rθ.
Initially the pressure field due to a source on a control surface around the tyre is determined, using a Green's function G(y, t|x, τ) which provides the response at a position given by the three-dimensional coordinate vector y at time t to a pulse released at a position x at time τ . This function satisfies the wave equation with a speed of sound c. We also define a pressure disturbance in a sound field p (x, t) which also satisfies the wave equation. It can be shown that the far field pressure can be expressed as a function of a integral over the control surface, see for example Rienstra [22] , where we specify that normal to the control surface the Green's function is zero, ∂G(y|x)/∂n = 0. The far field pressure is then p (y, ω) = S G(y|x)(∂p /∂n) dS, where S defines the path of the surface.
Using the conservation of momentum, the pressure normal to the tyre surface may be expressed as a function of the tyre surface velocity ∂p /∂n = −ρ 0 iωv(S), which is related to the surface acceleration by noting that −iωv(S) = a(S), as previously utilised with success by Eberhardt [23] and Graf [17] .
It remains to find the Green's function G(y|x) that satisfies ∂G/∂n = 0 on the plane surface and on the tyre. Without the tyre, the Green's function for a source at x in three-dimensional free space bounded by a rigid plane is G(y|x) = e (−ik|y−x|) /(2π|y − x|), where k = ω/c, c is the speed of sound in air and x is near the plane surface. The geometry between the tyre and the road surface creates a shape similar to a gramophone horn, which has the effect of amplifying any sound sources present. This amplification has been numerically characterised by Graf [17] for a range of frequencies and positions around the tyre surface using a Boundary Element Method (BEM)
code with a tyre shaped mesh in contact with a half plane (with an impedance of 10 GNs/m 3 ) and is defined as the amplification between the pressure found with the tyre geometry p tyre and without the tyre geometry p free ,
Using this transfer function for the horn amplification, the far field pressure can be written, using a discrete sum over the tyre surface, where the term ΔA is the elemental surface area.
Comparisons are made between predictions and equivalent experimental measurements carried out by the Transport and Research Laboratory (TRL). A TRL tyre testing vehicle (a modified Suzuki Vitara) was equipped with seven microphones (only five will be detailed as the remaining two are used for reference measurements) around the rear off-side wheel, mounted on a thin metal frame shown in Fig. 19 . The rear tyre, a patterned test tyre equivalent to the one used in the computations, was loaded to 420 kg and noise measurements carried out at vehicle speeds of 70, 80 and 90 km/hr as the vehicle travelled over the two rough road surfaces. Due to wind contamination, it is considered that the results for frequencies lower than 250 Hz are considered unreliable for comparison.
Far field sound predictions compared with experimental measurements
The far field pressure signal is determined computationally for each of the five microphone positions on the two rough surfaces under consideration and the power spectral density (PSD) taken, defined as the measure of the distribution of energy in a signal, displayed in the frequency domain. The power spectral densities for both of the experimental measurements and the computational predictions are shown with the energy in equivalent frequency bands, in decibels (dB) with an A-weighting applied.
The power spectral density signal is shown in Fig. 20 for the five microphone positions of interest, relating to a patterned tyre rolling over an ISO-10844 specification road surface at 80 km/hr. The predictions provide a fairly good representation of the broad band sound, for almost all microphone positions.
The method over-predicts the energy at the discrete frequencies of the tread block impact and its harmonics, especially at positions towards the rear of the tyre.
The predictions of the power spectral density against experimental measurements for a patterned tyre rolling on an ISO specification surface at a speed of 90 km/hr are shown in Fig. 21 . The predictions are reasonably accurate for microphone positions forward of the tyre with greater errors appearing for microphone locations towards the rear of the tyre. It may be seen that the ISO specification surface tends to excite the frequencies associated with the tread block pattern, with little broadband excitation. Therefore, if the tyre design were to be optimised for minimal radiated sound using this surface, only the tread pattern would tend to be changed.
The power spectral density predictions for a patterned tyre rolling on a hot rolled asphalt surface at 80 km/hr are shown in 
Conclusions
In order to determine the noise produced by a patterned tyre rolling on a rough road surface, the vibration characteristics of the tyre must be known. A method has been presented in O'Boy and Dowling [1] which provides these vi-bration characteristics for a tyre belt comprised of multiple viscoelastic layers with different thickness and material properties. In this paper, a methodology was successfully demonstrated to determine the parameters of a simple bending plate model which would yield the equivalent response as this tyre belt, without requiring experimental measurements. This equivalent bending plate model of a tyre belt may be modified so that it can represent the sidewalls of a tyre and therefore produce predictions of the radial response of a tyre.
These predictions have been compared to experimental measurements with good agreement, although differences have been noted and we conclude that these are primarily due to representing the tyre structure as an incompressible plane structure.
This finite width tyre model has been used to produce transfer functions relating the radial acceleration of the tyre surface to a radial forcing excitation, It has been shown that the ISO specification surface has such a smooth texture that it excites little broad band noise and accentuates the sound resulting from the main tread pattern impact frequencies. Any noise reduction work which utilises this road surface will therefore only lead to changes which optimise the tread block impact frequencies. By contrast, the hot rolled asphalt, which is more representative of common rough road surfaces, excites both broad band noise and also the tread block impact frequencies and any noise reduction work undertaken on this surface will therefore lead to changes in the tyre belt structure in addition to the tread pattern.
The results of the noise predictions show that both of the above trends are 
